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HIGH ORDEft OPTICS OF MULTIPOLE MAGNETS “

Peter Walstrom, Filippo Neri & Torn Mottershead
Los Alamos National Laboratory. Los Alamos, NM 87545

ABSTRACT

\Ve have developed a new rapablllty to compute third

tnd fifth order Lie algebrmc transfer maps for a family of
realistlc multi pole magnets, Inciudmg dipoles. The general

I[amlltonlan is expanded symbolically to arbitrary order.
“rhe vector potential off uis, Ior a given multipole sym-
Illetry, IS ,determined from the appropriate magnetic field
~radlenis and their Iongitudmal derivatives on axis.

Subroutines to compute the required gradients are

;i\ ailable for Halbach REC quadruples, and for ~eneral

[nllltlpoles with the current distribution on a cylindrical
+~]rface specified by a shape fiinction. This functi--, can
he supplled by the user, or selected from interna! options.

Both the reference trajectory, and the r-nap about lt
are calculated by numerical integration through the gen-

~ral magnetic field, using rnodula- GESNIAP software,
This allows the calculation of curved reference trajecto-
ries In a genera] dip~le magnet, as well as offset refer-
vnce traje~torles needed for rnrsalignment tolerence stud-

IPS ‘These new calculational capabilities have been added
It) the \lAfl}’LIE Lie Algebraic beam optics design rode,

~.. .
EQuATIor4s OF h40TION

In mrign~tc optics. the particle coordinates commonly
IIWd are fill~lensionless devlatlonrr from a reference trajec -

tt,ry, !Il)tine[i as the path of a selected reference particle
tl~rougb the system, The Iongiturilnal position u of the ref-
,,r+,nce p;utic]e IS taken aa the independent variable in place

,f the tlrne, ar,d tile deviat Ion@ in time of flight ( r = cAt)
and energy (p. = -AL’/pOc) rtlatlve to the reference par-
111-leare taken as n~w longitudinal ~’oord]nates. The tran-
~t,rw mnnletlt a are waled with respect to the design pnrtl-

110 nv~rllenturn: P: = p=/pI, Py = py/po For convenience,
WJ, WIII c)ftt=n d~note the vector of these new phw space
,,f)(!rdlrlat~~.i I)y:-S (Z,Pr,u,P“,T)pr).

\\”tlP~xprrssd in three new b~at,I ccrordirtatwt, the

lt.~rnllti)nlan turns out to be wwntlally the old p, 1:

/
II :- ~ “-

[)/) i
1++2;”-(/’,.-=2 ;P) -( P,!-- *)Zt()

(1)

components of the vector potential vanish, the H~nlilto-

nlan has the form of a kinetic term plus a potential .-l: /f?p

Harniltons equations of motion in beam coordinates
may be written:

d-
- -{ H,:. !z - H:a,

f-
(?)

wilere the new symbol ; H : denotes the “Lie (operator”

associated with the Hami!tonian, The action of t +is ,ilf-
ferential operator on any function ~(?) is dctined hy the
Poisson bracket with the Hamiltonian: {H, ~}.

LIE ALGEBRAIC REPRESENTATION OF
TRANSFER MAPS

The idea of a transfer map is simply that the final state
of a particle is some fllnction of its initial state: Sf = fi<(S, )

The transfer map can also be viewed as an operator ,M(s)
that converts initial phase space coordinates (at s = O) into

final ones: ~s) = M(s);(O). Hamilton’s equa, ions of nm-
tiort for ~(s) imply corresponding formal equations of rrm-
tion for this operritor, with the initial conditions M(O) = I
the identity, The equations have the form

dM(s)

ds =
- H: Nl(s) (;))

For a bearnline clement of length L in which the llarrlll-
tonian H IS constant, this t=quation may he formally irlto-

grated to yield a map of the form

,\i= ?-L” (1)

The exponential of a Lie operator is railed R “Lie ‘rrans-
formatlon”, which mav be defined (for arbitrary ~(.?!) by
th~ usual power series for an exponential, Th? nppllratlon
of ~,h;s Lie transform to a general function !)( :S t Illls tah(w
the form

fJg=9.P {/! Y)+; {/l{ f!u)}+” (:))

‘Ihr (; EN MAP 23 rcmtinm in \lAl{.YLIE :10 rrprwwnt tht’
olap of an optical aynt~m in the “rrwrw fnct{~rl?.~’,1”ftlrtll

,\f=r~’r~’P~J, (1;)

wh~re (IIF /,,, (:7 arr h(]rrl{)grneol)n pt~!ytlonil:ds III l}rtl~,r

?n Suhntltutlon of thin rxplwlt form lrlto tht’III II I:It II~t I

f)f Ilv)tlon ()( the IIIap rmlucw It to A wt III’ CIII’1)11,1{ 111111

Ilticar ,Iiff’prpntlrdqu~ti(mt for r he l.1~ l~(dyn{)rl~]:d~ I IIV

I[mtltlltrlnlat) ItWlf, whlcb ,lpp~tl(ls on I ho Vf’ctor III~tI*nfIxl.



must also be Taylor expanded into a serks of homogeneous
polynomials:

(7)
n=l

Finally, the first order behatiior of the system is taken
out by transforming to the “i:?teraction representation” in
~vhich only deviations from first order motion are consld-
tired. The interaction Representation of the nfh order part

~>fthe Hamlitonian is:

}/:(: >s)s Hn(R(s)z, s), (8)

where R(s) is the linear (matrix) part of the map M(s),
whose motion is determined by Hz (s) afcne.

After all of this. the equations for /3 and f4 are:

dfs(:. s) =_H, ( s,
3:~, (9)

i~s

(?f.$(2, s)
-Hj(:! s)++

[

,.

8s = “1f3(:#’3- . (lo)

These equations are further separated power by power
into coupled non-linear differential equations for the 209

polynomial coefficients (for m = 2, 3, and 4) that represent
the transfer map to third order, us used by MA RYLIE 3.0.

The (~ES\lAP routines numerically integrate these 209
(Ilfferentialequations.

The fifth order code MARYLIE ,50 uses m = ‘2 through
6 for a total of 923 equations to be integrated. The ad-

Y
tiltlonrd equations of motion for t ~m are more compli -
ratod, Iilvolvlng mult]ple Poisson h ackets.

REPRESENTA1’’ION OF THE VECTOR
POTENTIAL

( ;iven the Fourier expansion ~~ the scalar potential

I’(r, @,:) = ~ (’”,(r,:)sin(m~),

wtlrr~
rtl/’,,l (r, :)

:/,,,(:) :: 11111 ~,,,
r .1)

(11)

(12)

l’tlP

:

13)

14)

represents the profile of the mth multipole.

This is a general solution to Maxwell equations order
by crder, for arbitrary g~(~). The problem is thus re-
duced to computing the generalized field gradients on axis
for realistic magnet models. \Ve report here on the imple-
mentation of a family of magnet models representable by
current sheets on a cylindrical surface.

CURREN r SHEET MAGNETS

Cylindrical current sheets can be used not only to rep-
resent radially thin windings on a c~linder, but also to cal-
culate arbitrary fields in the source-free volume bounded
by a cylindrical surface. In the latter case, fictitious sur-
face currents that produce the same interior fields as com-
plicated outside sources replace them for rapid field calcli-
Iation. ( For some simple volume field sources, it can bt~

better to work directly with analytical expressions for the

field from the source). Continuous currents on the sllrfac~~
of a cylinder of radius a can be represented by a stream

function W(O, :) of the surface coordinates as follows ~:

_,vldw(@!:) .V13W(13,2)
h= — 8: ‘

j, =
—7’

(15)
a

The quantity ,Vl is introduced to make ‘Wdimensionless.
The above prescription produces currents that are auto-

matically divergence-free. The stream function can be Ilsed
to find a set of discrete turns that approximate a rontln -
uous distribution, since current streamlines are routolirs
of constant W; to make spiral windings, successive close(l
turns are cut and transitions between them are Ilisertwl,
The stream ‘unction can be written as a sum of Follrl(’r
components as follows:

The w~(~)
is excluded

W(d,:) = ~ uh(:)sin(mo) (16)
Wl=l

are called shape fi:, ~cticms, The m = !1 case

here becaube It req .IICS specird tr~atnwnt If
only a single m value is present in Eq.16 and the boun~iaries
~i.. ,~J;s~ionally qymmctric, the rmult ant field htas ~n-p~)lr

8 i{~pcmdence everywhere, For open Iwundmlm, thew~lar
pottrrtial produced hy the currents of Eq 15 IS

(Ii)

‘III? ( ;rren’n function ff’n, (r, :, r) hna th~ form



Bessel functions have been obtained), Expressions for the
magnetic field and vector potential are easily derived from
Eq17. For calculation of fields, etc., the Qm-~ are not di-

rectly used; instead, the ~ factor cancels a factor in the

hypergeometric series expression for Qm- ~; the resultant
expresalon LSregular ss r - 0. The generalized on-ax~
gradient for a single multipole m w= defined in Eq.1.t.
This limit of Eq.17 IS

9m(:)=
/

pOt’/a(2m - l)!! ‘m
(~ - l)!~m+l w~(z)h’~(:,x)dz (19)

m-,

where

i<. = ~
{

~m

da [(z- 1 (20)
2)2+ d]~+ljz

If Wm( z) is a piecewise continuous polynomial, ex-
act analytic integration of Eq. 19 can be done. An exact
quadrature subroutine for polynomials of up to the 4th de-
gree in Eq. 19 is used to calculate gm and its z derivatives to
arbitrary order. This routine is called by routines for shape
functions of several types, including flattops with square
or rounded edges, a symmetric quartic, etc, Lambert.son

cods are represented by two shape functions, the first for
the fundamental with a given m value for the angular de-
pende~.tis, and second for the first allowable harmonic, with
an angular dependence of 3m. The two shape functions are
represented by a series of parabolic arcs precomputed in an
in]t]alizatlon call, Fin~ly, a user may provide a shape func-

tion in the form of a set of points; these points are then
Interpolated by parabolic arcs, The above routinea have

been implemented In \fARYLIE, along wi’? a routine for
Halbach RfiC quaclrupoles, The implementation M quite
flexlble, allowing almost arbit ~ary sequences of overlapping

~lements, as well aa fitting and optirruzation.

EXAMPLE

As an illustration of the new capabilities, ‘weshow some
calculations on a omt-to-ptm.llel teleoco e consisting of

Ea quadrupo]e dou let with a concentric %ending dipole,
After setting the quadrupolee to obtain a focal point 3,0
m upstream with the dipole off, we turn on the bending
Iiipule, and refocus th? uadrupolee to compensate for the

frltige fields of the ben~, This excercisee the curved ref-
~r~rl’c~ trajectory, overla pin fringe fields, and fittin ca-

!+~)~hllltws of the new co e, fhia is th~ description o the
telescope In our program input language:

!Illtp mult
l], )l)q,]g

atm mult
1 Imoorwooof)t)oo

II 200000000000000
~m 1 mutt

I )0000000000000
II I,; oor)oofmuooooo

qm 2 mult

I ‘) ‘Wfmooooooooo
‘1 I ()()()[1()00()()0()()00

ln! Itlt
45 I I) o x]~ (I

#1,1,e*
pmnl

l*lrl, tp i ‘ttrrl

1 l)r)l)ooor,~f!ol)oooocoa 1 0000OMOOOOOOO

I 0!-)000000000000 .2 !0000000000000

o 17&’18&314tr772s4 ~ r)(](rr)oorjof)orj(joo”
: 00000000000000 () $00000000000000

V i’@13B24WM92153 ? 000000000 !!0000
I )0000000000000 3 ilmroom)ouooooo

I “qm 1 I“lmll l*, nt

Fig, 1 shows the effect of t fie uncorrected second and
third order aberrations on the beam divergei~ce,
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CONCLUSION

The significance of all this is that for the first time we

cafi compute high order maps of realistic multi polr= ele-

ments with overlapping fringe fields, Since the rou[ir)w

have been written for arbitrary m, a basis haa been laid
for realistic calculations beyond fifth order. Since the r~f-
erence trajectory, and the map about it are ~~culated by

numerical integration through the general magnetic field,
we can now calculate the curved reference trajectories In a

general dipole m~gnet, ae well as the oKset reference t ra-
jectormtt needed for misalignment tolerance studies.
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